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Abstract

Some algebraic properties of Schwinger’s quantum kinematical phase space theory are
presented. These properties lead to a definition of the maximum number of degrees of freedom
of an arbitrary finite dimensional quantum system which is different from the one originally
proposed by Schwinger.

1. Introduction

The search for classical structures in quantum mechanics has been a challenging
theoretical problem since the foundations of quantum theory.

After the establishment of the universality of chaotic behaviour and the subsequent
quest for chaotic properties in quantum mechanics [ 1] this issue has received a new
income of interest.

One of the earliest steps in this direction was that of the Wey—Wigner formalism
[2]. It is essentially a kinematical approach that relates quantum mechanical particle
observables to classical ones. The quantum state space is infinite dimensional and it is
spanned by the continuous indexed basis of position and momentum particle eigen-
states.

Schwinger introduced, some time ago, a quantum kinematical construction for
finite dimensional spaces that is analogous to the infinite dimensional one [3]. In the
past few years, there has been a renewal of interest in the concept of these finite phase
spaces and it has been proposed as a natural route to generalize the Wey—Wigner
formalism to finite dimensional systems [4]. Also, some interesting algebraic proper-
ties have been studied, which bear a very close analogy to those of continuous classical
phase spaces [5].

In the case of infinite dimensional quantum systems, the problem of defining the
number of degrees of freedom is rather straightforward. The problem is not so simple
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for finite dimensional quantum systems. Clarifying this point is the main purpose of
this work. We show that in the latter case, the tensor product of two finite dimensional
quantum spaces can be reduced to a single degree of freedom vector space if the
dimensions of the original spaces are relatively prime. Such a result will be obtained as
a natural consequence of some elementary facts of number theory.

The paper is organized in the following way:

In Section 2, we review Schwinger’s theory as a direct discrete analogy of the
continuum case, presenting the notations and form to be used later.

In Section 3 we derive the necessary algebraic properties and their consequences
which are the main result of this paper. Such properties lead to a definition of the
maximum number of degrees of freedom for an arbitrary finite dimensional quantum
system that is not quite the same one proposed originally by Schwinger. In Section
4 we present some closing remarks and open problems.

2. The finite phase space
2.1. The continuum case

Let W be the infinite dimensional quantum state space with position and mo-
mentum states |¢» and |p) of a non-relativistic single particle motion in one dimen-

sion. The kets |¢)> and |p) stand for eigenstates of the usual pair of conjugate
operators (Q, P) defined by the well known properties (we use from now on # = 1)

, . [0, P]=il,

“Commutation relations”< % . A A 2.1a

{[Q, 01=[P,P1=0, 212

“Completeness relation” { {dp|p> (p| = [ dqlq)>{ql =1, (2.1b)

where 1 is the unity operator on W.
L . <plp’> =d(p—p)

“Normalization conditions” 2.1¢
{<qlq’>=5(q—q’), (1o

“Overlap equation” {{q|p) = (2r)~ /%P, (2.1d)

The unitary translation operators on both position and momentum spaces are
Vi) =€, U,e) = e 2.2)
The above operators obey the usual properties
Up@lp> =1p+ 2, Upla> =e™Ig>
Vomla> =la+nd, Vimlp>=e"|pd
which imply the following equations:

U V) p)> = Uy(e)lp>e™ = |p + e)e® (2.3a)
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and

Vi U@ 1p> = V,m)1p + &> = "?* 9 p + ). (2.3b)
By comparing (2.3a) and (2.3b) we get

VomU,(e) = e™ U, () V(). (2.4)

This equation will be important, later on, when it will be compared with its finite
dimensional version.

We could have started, in a rather more economical way, with the position space
and the position operator and introduced the momentum operator as the hermitian
generator of unitary translations in g-space. There is an evident symmetry here. We
could otherwise have started with p-space and introduced the position operator as
a translation generator in momentum space [6]. In any way all the properties listed
above would follow immediately.

This procedure is Schwinger’s starting point for the finite case as we recall in
Section 2.2 below. Let us consider now two different degrees of freedom. We define
then two spaces W, W, each one with a correspondent pair of conjugate operators
(Ql, P, (Qz, P,). The total space is the tensor product of the individual spaces:

W=Ww,QW,.
Each set of operators acts only on their own space. That is:

[lei)l:l = [Qz,i)z] =ij

and

[01. 01 =[Py, P] =01, P2] = [0 P1] =0. (2.5)
The total position and momentum states are

P> =10 ® 10D =p1.p2d, g =la'>®la*) =lq'.q%>. (2.6)

The total position and momentum states are

{i\/q‘(nl) = eiﬁ'”‘ and {I’}ql(nz) = eiﬁ;;ﬁ

Uy, (e1) = &2 U, (e2) = €%

Of course, each pair satisfies an equation similar to (2.4).
1

For a given vector 5 = (Zz), the translation operator f/,,(r,) = Vql(rll) ® V(1)
acts on W as

Vmlg> =1q —n).

Thus, the set of points of the g'—¢ plane obtained, as we apply the V,(y) operator
on the |¢ ) state, ly of course, on a straight line. Suppose, otherwise, one could find (for
a certain 2) an operator I7q(11) that applied on the |¢) state should cover the entire
q*~g° plane. Obviously, this is impossible for the infinite-dimensional case. But that is
not so for finite spaces when the dimensions of each space are relatively prime, as we
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shall see. In this case it is impossible to sustain the concept that the product space has
two degrees of freedom.

2.2. Schwinger’s quantum kinematics

Let W be a N-dimensional state space generated by an orthonormalized base
{lm>}, k=1,2, ... N, so that {u*|w > = 5. The upper indices are for dual base
vectors and the sum convention for repeated lower and upper indices is used through-
out, unless explicitly stated. The completeness of the {|zx, >} basis can now be written
as: |y () = 1. X

Next, an unitary operator V is defined according to cyclic permutation over {|u, >}
as follows:

Viwy =lme-1>,  k=12,...,N
with |y = |uy) “periodic boundary condition” (2.7

From (2.7) one immediately gets V¥ = 1. Suppose now that |v,)> is a normalized
eigenket of ¥/ with eigenvalue vy. Then

V¥ = @)V v = v So ()" =1 and v, = @Mk, (2.8)

That is, there are N distinct eigenvalues given by the Nth squares of unity and the
set of N {v,} states is also an orthonormalized basis {|v, >}, k = 1,2, ..., N. Let us now
consider the operator P(vi) = (1/N)v* V’

In this equation the k index has a double function: It is the power of the v_; phase
but it is also the k index of the “matrix element” v* ;, where — jis the same as N — j. It

is easy to verify the important relation:

1
NV =k, (2.9)

so that: P(vk) [v;> = 8§ |v;)>. This means that f’(vk) “projects states in the |v, > direc-
tion”. So we can write: P(v,) = |v, > (V* | ‘no sum over k!”
By applying P(v,) over | pw > we get P(v) lun> = v W luN> (notice that here no
sum over k is implied!) = (1/N)v* V’[yN> =(1/N)|un—;> vy’ then
|

~ 1 1 y
W PO > = KN WP = 0k wd = 200wl = =

Making the following phase choice (" |v;)> = 1/\/_1\_/, we have then

i

G Vv = v =ﬁ. (2.10)

We thus observe indeed that v is a matrix element of some sort.
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A compietely analogous procedure can be used to construct an unitary operator
U that acts upon the {|v;>} basis by the cyclic permutation:

Ulved = veer ) 2.11)

Similarly one can verify that U has the same spectrum of V, that is: g, = v, = e>™/"*
and, what is most important, the eigenstates of U are the original |y, > base states!
Infact U > = U ¥ | = U vi *Iy/N = (1/N) [ves 1 v * = (1/N) L]
X (il vie ) vi S = (N L) vig v = (UN) vviy T ) = (1/N) v NG
= v;| u;> where we have used the defining equations for U and V and also Egs. (2.9)
and (2.10).

Another very important property is the commutation relation between different
powers of Uand V:

UV 0> = VEU v = VE [ Vpa ) (2.12a)
and

VEU N> = Vs> = Ve o [V (2.12b)
Comparing (2.12a) and (2.12b) one obtains

VEO = WOTVR (2.13)

This equation is the finite dimensional analogous of Eq. (2.4). The |u;) states
correspond to the “position” |¢)> kets, while the |v;) states are the “momentum™ |p)
kets. The U and V operators implement unitary “translations” of momentum and
position states.

The finite “index set” of N elements k= 1,2, ..., N can be understood as the
momentum and position eigenvalues. We denote this set as Zy for the reason to be
explained in the next section. In this way, we can define as the phase space, the finite
collection of N? elements given, by the cartesian product Zyx Zy. This is to be
compared to the continuum case where phase space is the set of pairs (p,g) € R*.

3. Algebraic properties of finite phase spaces
The main reference for this section is [7].
3.1. mod N algebra

We start by recalling some definitions and properties of elementary algebra:

(1) A set A is a ring if there are two operations defined on it: The addition
operation (denoted by the “sum” symbol “ + ) by which it is an abelian group with
a “zero element” 0 as the identity. The second operation is the multiplication, denoted
by the symbol “-”, together with the associative property and the distributive

property.
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(2) If besides this structure, there is also an identity element for a commutative
multiplication, it is said that A is a commutative ring with an identity element.

It is easy to verify that the set of integers Z is a commutative ring with an identity
element. An equivalence relation on Z can be established for each N e Z in the
following manner: for a,b € Z we say that a is equivalent to b (mod N) if N divides
there difference. That is:

a~b<N/ja—b)

where x/y means “x divides y”.

This equivalence relation partitions Z in N disjoint sub-sets each one representing
an equivalence class.

The first N positive integers {0, 1, ... ,N — 1} represents, each one, a different class.
Wecall Zy = {[0]n,[1]x, -..,[N — 1]y} the set of such equivalent classes and denote
by in the map, that associates to every integer K, the class [K ]y to which it belongs.
That is

iNZ_)ZN’ KH [K]N

It can be shown that Zy is also a commutative ring with an identity element and that
iy is a ring homomorfism, that is, iy “preserves” the ring structure of Z.

Let ¢y be the sub-set of {[1]x, [2]n, --. -, [K]ns ..., [N — 1]} where K is relative
prime to N. The number of elements of this sub-set is denoted by ¢(N) and is known
as Euler’s totient function. It can be shown that the set ¢y together with the
multiplication operation inherited from Zy is a commutative group. In this way let us
write

oy = {[%]N, [az]n, --. ,[%,,,,]N}

and define as [b]y the product of all these elements:

[bIn = [aIn-[az]n -+ [aq&(N)]N-

Let us multiply now each element by a same [a]y € ¢, obtaining, of course, a permu-
tation of these elements (because ¢y is a group). Thus: ([aln-[ai]n) X
([aln-[a21n) -+ ([aln- [ag,,In) = [a)%™ = [b]y = [b]y, Which means that: [a]§™
=[1]y or [a]N[a]%(Mil = [1]x.

Consequently we can find the inverse of any element of ¢y if the value of the totient
function ¢(N) is given as

[aly' = [a§™ 1. (3.1)

This result is the celebrated “Fermat—Euler theorem”.

Notice that the finite set of position and momenta defined in the last section takes
values in Zy. Thus the finite phase space is the cartesian product of the ring Zy by
itself.
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3.2. A system with two degrees of freedom

Suppose now there are two spaces W, and W, with finite dimensions N, and N,.
Each space carries one degree of freedom in the sense of the formalism developed in
Section 2.2. That is:

An unitary basis: {[¢>, ..., [48">} and {|V), v} with: <Ry
=v"*and N;=N, or N,, can be defined such that a palr of unitary translation

operators (U™), ™)) can be constructed and obey the following relations:
174008 L O V(IIV;)O(Ni)I?(N;)’

UM N0y = g™ | s, for the “position” eigenkets,
and:y o) vy
VP = |Hk~1

and: {U‘Nf’lv,‘f’"> = v, for the “momentum” eigenkets.
[7(N; N — (N: N
VO Ny = vi® v,

Let us consider the tensor produce space W of W, and W,: W = W, ® W,. The
dimension of W is clearly N = N,-N,. One could think that W should carry two
degrees of freedom in a way similar to the continuum case. But that is not always true.

Suppose we succeed in defining a couple of basis for W as

™ = 1Y @ My YD = 1) @ 1), (32)
with: k.t € Zy; ko, t, € Zy 5 ky, th € Zy,, and also a pair of unitary operators on W:

o f/(?/.»@ f/«rfv,)’ Um = f]fﬁu.@ f]i\fvn (3.3)
with: r,, s,€ Zy, and r,, s, € Zy,, such that they obey the correct commutation
relation:

oW — v(}N)f](N)f/(N). (3.4)

Then W has really only one true degree of freedom. Let us see for what conditions this
will happen We  have: pOg® — piu, U‘”'@ P, Qi = T i, fri ., i
® D™, P = yiva Ly, T @ ™ and, using the identity:

(Nad, (Nb) — 1, (NaNy)
VeV =V (3.5)
i C PN N (NG (V) -
together with (3.4), we get: v 2.vi¥ =y« o =v{", which means that

[rasaNy + 1psy No Iy = [1]n.

The above diofantine equation [7] for r,s, € Z,, and r,s, € Zy, can be written as:
{1 —r.s.Nyly = [rss,Ny]ln, so N /1 —r,s,N,), which means by definition that:
[r.s:Ny]n, = [1]y, (an equation in Z ). In the same way we find a similar equation in
Zy,: [rss5Na]ln, = [1]n,, which can be solved uniquely as (using the Fermat-Euler
theorem)

[rasa]N,, = [Nb:]lgﬂl = [Nb]?\b[("N“)7]
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and
(5861w, = [Nb]};,,l = [Nb]%(hN")il (3.6)

only if N, € ¢y, and N, € ¢y, that is, if N, and N, are relatively prime. We must also

impose that
V(N) I v;‘N)> (N) | v(N)> VlN Al ® V(N,.) | v(N,,)> ® ‘ v(N ) V(N”) ka;l,,) I V(N)>

and
ow | ﬂ(N)> - V(N) | /J:N)> — Uw ) ® U“” | ,U(N )> ® |:“(,N )> — v(Nh) (Sivth) | :“:N)>
Then from (3.5) we verify that
[k]w = [Nykars + Naksrs 1y, [ty = [NpSata + Nosply]n. (3.7
Solving these diofantine equations, as before, one has
kalw, = (k]n, [Noraln,', [tadn, = [dw.[NysaIw,'
and
[kodn, = [KIn, - [Narsdy,'s  [todw, = [dw,[Nbsh 1w, (3.8

So we conclude that if N, and N, are relatively prime there is only one true degree of
freedom associated to the total vector space W = W, ® W,.

Let us consider two examples:
For N, =2 and N, = 3, using Egs. (3.6) and (3.7) and choosing the “vector”

_ ([%]2) _ <[1]2>
[rs]1s [1]1s
we obtain uniquely:
=<de:<ﬂh> ZGuL>=Gﬂ§ ind k=<wuﬁ=<[ﬂm>
[se1s [215)° (15 [¢]s [ks 13 [2k]y,)°
so that: VO = V@ @ V® and U® = (2@ U2
The two “position” and “momentum” basis vectors are:

K = 1> @ 11>, > = v @IV,
W = P> @ >, > = ) v,
1 = 1> @ 1>, > = v IV,
> =P @ U, > = v @ ),
KO = P> @ 1>, V> = ) @1V,
B> =@ WP, vy = Py @ v,

By acting upon the “position” states with the ¥ ® ¥ operator, one finds easily
that it covers the whole position space.
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That is, we cover the entire set with only one “straight line™! The same happens of
course to the momentum base states. So the six-dimensional state space can represent
only one true degree of freedom. This is because N, = 2 is relatively prime to N, = 3.

Suppose now: N, =2 and N, = 2.

In this case N, and N, are not relatively prime, so the above machinery does not work.
But we can construct the four dimensional position product space:

{Iu(oz’> ® |ug>, {lu&”) ® |u§,
|ll(12)> ® I,u(12)>, |H(02)> ® |ll(12)>-

The actions of the ¥® ® V@ operator on this basis splits it in two disjoint sets
each one a “straight line” in position space parallel to the other. A similar procedure
could be carried out for the momentum space.

So we can see the four dimensional quantum space either as a two degree of freedom
system spanned by the above basis or as a one degree of freedom system with the
{51 (j=0,1,2,3) basis defined in the usual way. But, in no way can the two
degree of freedom space be reduced into a single degree of freedom system as in the
preceding example.

This shows that the number of degrees of freedom of an arbitrary N-dimensional
quantum space cannot be the number of prime factors of N, as stated by Schwinger. In
fact, let N be any integer, then we can factorize N as

N=pPy-Py- P{e-Piro i=1,....,m and oy <2y < -+ <4ap,,

where there are m prime numbers P, each one, with power ;.

By Schwinger’s definition, the maximum number of degrees of freedom f would be:
f=oy+0,+ ... +op.

However, as we have just seen, the product of two relatively prime numbers can
represent only one true degree of freedom, so we propose that

f=max{a;, o, ..., 0y} = Lp.

That is, the maximum number of degrees of freedom of a finite N-dimensional
quantum space is the largest of the powers of the unique factorization of N by prime
numbers.

4. Conclusion

In the present contribution, Schwinger’s concept of finite dimensional phase space
has been explored in an algebraic context. We have addressed the question of the
definition of the number of degrees of freedom in such context and proposed a defini-
tion which comes on naturally from the algebraic properties derived in Section 3.

A possible relation between this “finite classical structure™ and the “continuous
symplectic structure” of quantum mechanical projective spaces (“space of rays™) must
not be discarded [8, 9].
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In the last case, the number of degrees of freedom is half the dimension of projective
space.

What possible connection could there be (or not) between this definition and the
similar one for Schwinger’s quantum kinematical finite phase space?

We hope that the present work may help to shed some light in this search for
“classical structures” in finite dimensional quantum kinematics.
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